Deep brain stimulation (DBS) is known to be an effective treatment for a variety of neurological disorders, including Parkinson's disease and essential tremor (ET). At present, it involves administering a train of pulses with constant frequency via electrodes implanted into the brain. New 'closed-loop' approaches involve delivering stimulation according to the ongoing symptoms or brain activity and have the potential to provide improvements in terms of efficiency, efficacy and reduction of side effects.
neural oscillations have a given phase and amplitude. We predict that, provided certain conditions are satisfied, the best stimulation strategy should be phase specific but also that stimulation should have a greater effect if applied when the amplitude of brain oscillations is lower. We compare this surprising prediction with data obtained from ET patients. In light of our predictions, we also propose a new hybrid strategy which effectively combines two of the strategies found in the literature, namely phase-locked and adaptive DBS.
Author summary
Deep brain stimulation (DBS) involves delivering electrical impulses to target sites within the brain and is a proven therapy for a variety of neurological disorders. Closed loop DBS is a promising new approach where stimulation is applied according to the state of a patient. Crucial to the success of this approach is being able to predict how a patient should respond to stimulation. Our work focusses on DBS as applied to patients with essential tremor (ET). On the basis of a theoretical model, which describes neurons as oscillators that respond to stimulation and have a certain tendency to synchronize, we provide predictions for how a patient should respond when stimulation is applied at a particular phase and amplitude of the ongoing tremor oscillations. Previous experimental studies of closed loop DBS provided stimulation either on the basis of ongoing phase or amplitude of pathological oscillations. Our study suggests how both of these measurements can be used to control stimulation. As part of this work, we also look for evidence for our theories in experimental data and find our predictions to be satisfied in one patient. The insights obtained from this work should lead to a better understanding of how to optimise closed loop DBS strategies. First, we assume that if the stimulating input is provided to an oscillator when it is 88 in phase θ, its phase will change according to a phase response function Z(θ). Biological 89 regular-spiking neurons respond more to stimulation when they are already outside their 90 refractory period and their membrane potential is closer to the spiking threshold [26] . 91 Under such conditions, stimulation accelerates a neuron towards spiking. The function 92 Z(θ) should therefore have higher values in the second part of the spiking cycle. In 93 addition to this and under certain conditions, stimulation just after spiking and during 94 the refractory period can slow a neuron's spiking [26] . Therefore, Z(θ) should have 95 negative values for θ just above 0. Both of these characteristics can be captured using 96 the phase response function Z(θ) = − sin(θ). We use this simplified phase response 97 function in the first part of our paper and then later consider a more general form. We 98 are not aware of any experimental studies of phase-response curves of bursting neurons, 99
but one could expect that the change in the onset of the next burst will also depend on 100 when during the bursting cycle the stimulation is provided. Phase response functions 101 have been studied in a mathematical model of a micro-circuit composed of connected 102 populations of excitatory and inhibitory neurons [27] . When such micro-circuit receives 103 an input, the phase of the oscillations it produces either advances or reduces depending 104 on when within the cycle the input is provided [27] . 105 Second, we define the average activity of neural oscillators as a superposition of 106 cosine functions, i.e. 
We chose to transform the phase through a cosine function, because this periodic 108 function has a maximum at 0, and in classic coupled oscillator model, phase 0 109 corresponds to the phase when neurons produce spikes [23] . When regular-spiking neurons or micro-circuits, the choice of the cosine function is more natural, because their rate of producing spikes varies more gradually. We would assume that the activity 117 of bursting neurons or micro-circuits is highest at phase 0, so the function f (t) 118 qualitatively reflects the fluctuations in firing rate.
119
Relating neural oscillator model to experimental data 120
The purpose of this subsection is to relate the phases of individual oscillators to the 121 quantities that can be measured from experimental LFP or tremor data, such as the 122 instantaneous phase and the amplitude of the signal.
123
The function f (t) is an abstract representation of neural activity and is not directly 124 measurable in typical studies with patients. The experimentally measured signal f e (t) is 125 known to be highly correlated to neural activity [5] , so it is reasonable to assume f e (t) 126
to be some transformed version of f (t). We assume this transformation to be a simple 127 scaling and shifting, namely
It is common to subtract the mean from a signal, resulting in a signalf e (t) which is 129 independent of d. This yields a simple relationship between the experimentally 130 measured data and neural activity,
The experimental signalf e (t) is typically analysed using the Hilbert transformĤ, 
We would like to now relate the experimental phase ψ e and amplitude ρ e to quantities 137 obtained using the coupled oscillator model. The order parameter for a system of
Since r is a complex number, it can be written as
The amplitude ρ is a measure of synchrony, with complete desynchrony and synchrony 141 corresponding to 0 and 1, respectively. Using the Euler relation, the order parameter 142 can be written as
We expect the phases {θ n } to increase monotonically with time and under these 144 conditions,Ĥ[cos(θ n )] sin(θ n ). Using this and the expression for the time series given 145 by Eq. (1), Eq.(8) can be written as
Comparing this with Eq. (5), it can be seen that 147 ρ e e iψe = cρe iψ .
Therefore the experimental amplitude and phase is relatable to the magnitude and 148 phase of the order parameter using 149 ρ e = cρ, ψ e = ψ.
In summary, assuming the experimental data and neural activity are related according 150 to Eq. (2) and that the phases {θ n } increase monotonically with time, we can use the 151 Hilbert transform of the experimental data to relate the envelope amplitude and 152 instantaneous phase to the magnitude and phase of the order parameter, respectively.
The oscillation data we are concerned with arises from the correlated electrical activity 155 of neural populations. In order to describe such systems we use a coupled oscillator 156 model where the time-evolution for the set of N oscillators are given by the Kuramoto 157 equations, with an additional term describing the effects of stimulation [19, 20] 158
The first term, ω l is the natural frequency of oscillator l, which describes the frequency 159 in the absence of external inputs. It corresponds to the frequency with which a neuron 160 spontaneously produces spikes or bursts (depending of the interpretation of oscillators 161 
In this form, it is clear that each oscillator has a tendency to move towards the 172 population phase ψ and that the strength of this tendency is controlled by the coupling 173 parameter k. To gain an intuition for this behaviour readers may wish to explore an 174 online simulation of the model [28] . Antonsen showed that such an expression can be found under the assumption of an 
and the time evolution of f (ω, θ, t) for the Kuramoto system given by Eq. (13) is given 193 by the continuity equation
Central to the work of Ott and Antonsen [29] is the use of a guess, or ansatz, for the 195 distribution of oscillators given by
where α(ω, t) is a certain function. Ott and Antonsen [29] considered the case of a 197 Kuramoto system with a periodic driving term of strength I and frequency Ω, whose 198 dynamical equations are given by 1
Using this, the ansatz and the result that r(t) = α * (ω 0 − iγ, t) [30] , the time 200 evolution for the order parameter is found to satisfy (for γ = 1)
Therefore the state of the Kuramoto system for a large number of oscillators has been 202 reduced from one being described by the set of N phases {θ j } to one being described by 203 ρ and ψ. with obtaining a function of two independent variables from noisy data. Instead, the 214 averaged response curves have been reported [16, 31] , which are only functions of the 215 phase and are averaged over the amplitude. Such curves are readily obtainable using 216 standard signal processing techniques.
217
In this subsection, we derive expressions for the ARC and PRC, where the phase 218 response function for a single oscillator is taken to be Z(θ) = − sin(θ). By setting 219 Ω → 0 and for general γ, Eq. (17) describes a system experiencing an impulse given by 220 the phase response function Z(θ) = − sin(θ).
Inserting the expression for the order parameter Eq. for the time evolution of ρ and ψ
and
where
The functions P (ρ, ψ) and Ψ(ρ, ψ) are the instantaneous response curves for a the second term predicts the amplitude to increase according to a term proportional to 235 the coupling strength k. Eq. (21) predicts the phase ψ to evolve according to ω 0 .
236
To demonstrate the amplitude dependent effects of stimulation predicted by Eqs. 237 (22) and (23) we simulate the Kuramoto model using a large number of oscillators 238 (N = 3000). The stimulation amplitude I was chosen to be small at 0.04 and 239 numerical integration was performed using the Euler method with a time step of 240 δt 0.001. For such a system and in the absence of stimulation, the magnitude of the 241 order parameter ρ will tend asymptotically to [1 − (2/k)] −0.5 for k > 2 [29] . We can 242 therefore fix the value of ρ in simulation by choosing an appropriate value of k. The
243
parameters ω 0 and γ were not expected to affect the response curves and hence were 244 arbitrarily chosen to be ω 0 = 30 and γ = 1. After the system has evolved to the 245 asymptotic state, we provide stimulation at a particular phase over a single time step. 246
The changes in ρ and ψ resulting from the perturbation divided by δt would then 247 approximately equal to P (ρ, ψ) and Ψ(ρ, ψ), respectively. Figure 2 shows the response 248 functions P (ρ, ψ) and Ψ(ρ, ψ) for different amplitudes ρ and also a comparison with 249 results from simulating a population of Kuramoto oscillators.
250 Figure 2a and Eq. (22) shows the ARC is shifted with respect to Z(θ) and that, for 251 a given ρ, the most effective reduction of oscillation amplitude is achieved when 252 phase-locked stimulation is provided at phase π. An intuition for these effects is shown 253
in Figure 3a . The form of the phase response function Z(θ) leads to a region of phases 254 for which the oscillators will either slow down or speed up upon stimulation. Stimulation 255 applied to a population of oscillators corresponds to a perturbation with a differential 256 effect across the system of oscillators, i.e. with some oscillators responding differently to 257 others and depending on their phase. It is this differential effect which gives rise to 258 changes in the width of the oscillator distribution and therefore changes in amplitude. 259
In particular, if stimulation is applied when the distribution of oscillators is centred 260 around 180 degrees, stimulation is shown to have a desynchronising effect as half the 261 oscillators will speed up and the other half will slow down, as illustrated in Figure 3a . 262 An intuition for the amplitude dependent effects can also be seen in Figure 3a . If we 263
consider the case where the system is strongly synchronised (orange curve), then by a similar amount. If we now increase the width of the oscillator distribution (red 266 curve) and the amplitude reduces, then the differential effects gives rise to a greater 267 amplitude change, thus stimulation at lower amplitudes leads to magnified effects. It is 268 also evident from Figure 2 that there exists a relationship between the ARC and slope 269 of the PRC. In particular, the ARC is negative at those phases for which the slope of 270 the PRC is positive. One can also see from Eqs. (22) and (23) that for a given ρ, the 271 ARC (P (ρ, ψ)) is proportional to the negative derivative of the PRC with respect to ψ 272
). We will later analyse how this relationship generalizes.
273
Generalised response curves 274 In this subsection we consider the case where the phase response function Z(θ) has a 275 general form, since the phase response curves of biological neurons may have diverse 276 shapes [26] . We start by providing an intuition for why the qualitative effects of 
Using the results from Lai and Porter [30] , an expression for the time evolution of the 288 order parameter can be obtained,
Inserting the expression for the order parameter (Eq. (7)) into Eq. (25), we find 290 expressions for the time evolution of ρ and ψ, but now the instantaneous response 291 curves for amplitude and phase, respectively, are given by (cf. [32] )
Eqs. (26) and (27) consisted of a dominant first harmonic mode. We therefore expect Eqs. (26) and (27) to 302 reasonably approximate the response when Z has a dominant first harmonic and/or the 303 stimulation amplitude I is small [35] .
304
Using the methodologies from before, we simulated a population of Kuramoto 
In the high synchrony regime ρ >ρ m , the gradient in each case is found to be negative, 328
implying that when stimulation is applied at lower ρ, the effects of stimulation increase. 329
In the low synchrony regime ρ <ρ m , stimulation applied at lower amplitudes ρ is 330 predicted to lead to smaller effects. For the case of the first harmonic mode, where 331 ρ 1 = 0 implies that the gradient is negative across the range 0 ≤ ρ ≤ 1, the predicted 332 effects are particularly noteworthy as they are both quantitatively and qualitatively 333 different from the other modes. Concisely, for Z consisting of a single first harmonic 334 mode, we predict that delivering stimulation at lower ρ will result in greater effects, for 335 all values of ρ.
336 Figure 5b shows the magnitude of the PRC as a function of amplitude for several 337 harmonic modes. Here we find the qualitative differences between the effects of the first 338
October 16, 2018 17/34 harmonic mode and higher modes to be even more notable. A monotonic relationship is 339 predicted across the harmonic modes but with differing gradients between the first and 340 higher modes. The condition for positive (or zero) gradients is that ρ 2 ≥ − (m−2) m , which 341 is only satisfied for m > 1, hence for higher modes, a positive (or zero) gradient can be 342 found for all ρ in contrast to a negative gradient for all ρ for the first mode. 343 Qualitatively, this means that for Z consisting of a dominant higher harmonic, 
We first describe the relationship between the ARC and PRC for the cases where Z 370 contains a single dominant harmonic as in these cases clear predictions can be made by 371 the model. First, we use the derivative ofΨ(ψ) giving
and also by dividingP (ψ) by dΨ dψ leads to
Now considering the case where Z contains only the qth harmonic
which shows that in the cases where Z contains a single harmonic the averaged ARC is 375 a scaled version of the negative gradient of the averaged PRC. Figure 6 shows the value of the correlation coefficient to be only 394 slightly affected by increases in the number of harmonics. This implies that if a system 395 is well described by the Kuramoto model, then a strong positive correlation between
The results of this subsection extend previous observations [21, 36] The results presented in previous sections provide a framework within which we can 
414
We tested these predictions using data from the study of Cagnan et al. [16] . In this 415 study, phase-locked DBS was delivered according to the tremor measured by an 416 accelerometer attached to the patient's hand. Data was collected from 6 ET patients 417 and 3 dystonic tremor patients. We investigated the 5 ET patients that exhibited a 418 significant response to stimulation. The data from these 5 patients was associated with 419 6 hemispheres, with datasets 4L and 4R denoting tremor data for the left and right 420 hand of Patient 4, with stimulation delivered to the contralateral hemisphere.
421
The tremor data was filtered using a Butterworth filter of order 2 with cut-off averaged amplitude response for a particular phase was calculated to be the difference 428 between the average envelope amplitude within a 1 second window before the end of the 429 stimulation block and the average envelope amplitude within a 1 second window prior 430 to the onset of stimulation. The averaged phase response was calculated using a similar 431 methodology. The unwrapped phase was calculated for the data 1 second prior to the 432 onset of stimulation. A linear function was fitted to this phase evolution and 433 extrapolated to the end of the stimulation block. The value for the instantaneous phase 434 obtained using this extrapolation could be taken as the expected phase of the system in 435
the absence of stimulation. The difference between the actual phase at the end of the 436 stimulation block and this expected phase was taken to be the phase response. In both 437 cases, the responses for a particular phase were averaged over all trials in the dataset.
438
The derivative of the PRC with respect to ψ was calculated numerically by averaging 439 the gradient in the forward and backward direction around a particular phase ψ. To 440 determine the effects of amplitude on the response curves, we use a 'single pulse' 441 method, where the data is binned at low, medium and high amplitudes, with each bin 442 containing the same number of points. Within each bin we calculate the response of the 443 system from a single pulse of stimulation. In the case of the amplitude response, we 444 calculate the difference in the mean of the amplitude after and before the pulse. The
445
data used for calculating the mean in each case is taken between pulses. In the case of 446 the phase response, a straight line is fitted to the unwrapped phase evolution from 447 before the pulse. The phase response is taken to be the difference between the actual 448 phase and the linear extrapolation evaluated at a point after the pulse and just before 449 the next pulse.
450
We first tested Prediction 1 for each patient and excluded those patients which 451 either do not have significant correlation (p < 0.05) or have negative correlation. The 452 lack of significant correlation betweenP (ψ) and −Ψ (ψ) could indicate that the patient 453 is not well described by the Kuramoto model or that the response curves have not been 454 accurately determined. We therefore restrict subsequent testing of Prediction 2 to only 455 those patients who exhibit significant correlation. To infer whether the phase response 456 function Z for a given patient contains a dominant first harmonic, we used the property 457 illustrated in Figure 5b , namely that the magnitude of the PRC should increase with expect the magnitude of the ARC to increase with reducing ρ. Table 1 gives the 460 correlation coefficients betweenP (ψ) and −Ψ (ψ) for each patient where DBS was 461 found to have a significant effect on tremor. From these, significant correlation was only 462 found for Patient 5, with the correlation coefficient being (0.72). The response curves 463 for this patient are shown in Figure 7 . Table 1 also lists uncorrected p-values for the 464 correlation. Since we analysed data from 6 datasets, the Bonferoni corrected p-value of 465 correlation for Patient 5 would still be significant (p = 0.048). In summary, we did not 466 find strong support for Prediction 1, as the correlation between the ARC and the 467 negative gradient of the PRC was significant in only 1 out of the 6 datasets analysed.
468
As outlined above, we then tested Prediction 2 only for Patient 5 who fulfilled 469 Prediction 1. To determine the effects of amplitude on the response curves, we analysed 470 the response of the system using the single pulse method. This is because the amplitude 471 of tremor can vary substantially within the 5-second stimulation intervals. magnification of the response curves, we compute the standard deviation across the 474 phase bins. The uncertainty on the standard deviation σ is calculated using the method 475 of propagating errors [37] . We find this to be most appropriate here as it allows us to shows that the magnification of the ARC for stimulation at lower ρ is only exhibited by 492
Patient 5, which is also the only patient who had significant correlation between the 493 ARC and negative gradient of the PRC.
494

Discussion
495
We have presented a framework for testing the theory that oscillations found in tremor 496 data can be represented by a Kuramoto system, whose behaviour is described by Eq. amplitude. The analysis of population response curves in this paper is similar to that 514 presented by Hannay et al. [32] . The formula for the PRC given in Eq. (27) is the same 515 as that given by Hannay et al. They also derive a similar expression for the ARC, but 516 define the ARC to be the ratio of the amplitude post and pre stimulation, while we 517 define it to be the difference between these amplitudes, which is closer to the convention 518 used in the DBS literature. Here we extend their analysis of response curves in a way 519 which is more relevant for designing adaptive DBS.
520
Relationship to experimental data 521 We find good agreement between our theories and the data from one patient, namely a 522 strong positive correlation betweenP (ψ) and −Ψ (ψ) together with increasing 523 magnification of the PRC with reducing amplitude is associated with an increasing 524 magnification of the ARC with reducing amplitude.
525
The lack of significant correlation betweenP (ψ) and −Ψ (ψ) for the other patients 526 could be due to experimental noise, which may prevent the response curves from being 527 determined accurately. However, another possibility is that these patients are simply Eq. (13) also assumes that each oscillator responds only according to a single phase 537 response function Z(θ), which may not be a good approximation for certain patients.
538
Since we interpret an oscillator as representing the activity of neurons or micro-circuits, 539
it follows that these neurons should have some spatial separation in the brain [38] and 540 hence experience stimulation differently depending on their location relative to the 541 electrode. This is not an effect which is captured by the models presented here.
542
Furthermore, our computational model does not capture the effects of synaptic 543 plasticity triggered by stimulation. Presence of such plasticity may be suggested by a 544 delayed appearance of tremor following offset of the prolonged phase-locked 545 stimulation [16] . Finally, ET is known to be a heterogeneous disorder [39] and different 546 patients are likely to have different underlying pathologies. As a result of this, the 547 assumptions used in the model may need to differ depending on the patient.
548
Hybrid DBS
549
In light of our predictions, we propose a new strategy for DBS which may be effective 550 for certain patients, namely those for whom the effects of DBS are magnified when 551 stimulation is applied at lower amplitudes. The approach, illustrated in Figure 11 , 552 combines the aforementioned phase-locked and adaptive approaches described in Figure 553 1. The general idea is to only apply high frequency DBS at high amplitudes in order to 554 drive the tremor into low synchrony regimes that are more susceptible to phase-locked 555
DBS. With such a control strategy, the high frequency DBS would be used less often 556 than in the current adaptive DBS approach, as it would only be used to bring the 557 tremor into the low synchrony regime, at which point phase-locked DBS would suppress 558 the amplitude further, thereby keeping the system in this mode. threshold, in a similar way to the adaptive DBS approach [15] . When the amplitude of 561 oscillations exceeds the threshold, then high frequency DBS would be delivered since the 562 patient would be in the high synchrony regime. If the amplitude of oscillations falls 563 below the threshold, then phase-locked DBS is delivered, since the patient would be in 564 the low synchrony regime. In addition to the various parameters of stimulation, the 565 choice of threshold is also likely to be an important factor in determining the overall 566 efficacy of the method [40] .
567
Future Work
568
The theories we have presented here leave plenty of scope for future work. On the 569 theoretical side, investigating the effects of clustering on the response curves in addition 570
to considering a multi-population Kuramoto model would be two possible avenues to 571 explore. Its also worth mentioning that the instantaneous response curves given by Eq. 572 can be applied, such as an infinite network of theta neurons [41] . Kuramoto-like phase 576 models arise through the phase reduction of oscillating units. By contrast, theta 577 neurons can be in both excitable and oscillatory regimes while still being amenable to 578 the Ott-Antonsen reduction [42] . It would be interesting to relate the phase-response model analysed in this paper assumes a Cauchy distribution for the natural frequencies, 581 which has very long tails, and other distributions (e.g. Gaussian) may be a more 582 realistic description of neuronal frequencies. It has recently been demonstrated that the 583
Ott and Antonsen ansatz can be applied to systems where the natural frequencies are 584
Gaussian distributed [44] , and it would be interesting to extend the analysis of 585 population response curves to this case.
586
On the experimental side, there is the question of the hybrid DBS strategy, whose 587 efficacy remains to be determined. To further strengthen our conclusions, we also hope 588 to perform our analyses on more data. Given that testing our theories is conditional on 589 finding patients for whomP (ψ) is correlated to −Ψ (ψ), a study such as ours would 590 greatly benefit from a larger dataset, both in terms of the number of patients and the 591 length of time each patient is stimulated for. The latter would allow us to determine the 592 response curves more accurately, which is expected to be particularly beneficial for our 593 methods. Obtaining longer datasets poses a challenge due to the inherent difficulties
